ON THE WEIGHTED OSTROWSKI TYPE INTEGRAL 
INEQUALITY FOR DOUBLE INTEGRALS 
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Abstract. In this paper, we establish new an inequality of weighted Ostrowski- 
type for double integrals involving functions of two independent variables by 
using fairly elementary analysis. 
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1. Introduction 

In 1938, the classical integral inequality established by Ostrowski [3| as follows: 

Theorem 1. Let / : [a, fej^- R 6e a differ entiable mapping on (a, h) whose derivative 
f : (a, fe)— >-R is hounded on (a, 6), i.e., \\f'\\^ = sup \f'{t)\ < oo. Then, the 

te(a.,b) 

inequality holds: 



(1.1) 



/W- 



1 



b — a 



f{t)dt 



< 



1 , (^-T ) 
4 {b-ay 



a+b \2 
2 



(^^-a)ll/'llc 



for all X G [a,b]. The constant j is the best possible. 

In a recent paper p] , Barnett and Dragomir proved the following Ostrowski type 
inequality for double integrals 

Theorem 2. Let f : [a,b] x [c, dJ^-R be continuous on [a,b] x [c,d], /" = i^/ 
exists on (a, 6) x (c, d) and is bounded, i.e., 

d'^f{x,y) 



\f 



(3;,a)e((i,b)x(c,d) 



dxdy 



< CXI. 



Then, we have the inequality: 
b d 



f{s, t)dtds -{d-c){b- a)f{x, y) 



(1.2) 



d b 

a) I f{x,t)dt + {d~c) I f{s,y)ds 



< 



1 /, ^2 , a + b.y 



lid-cr+iy-^^r 



If" 



alloc 



for all {x,y) G [a,b] x [c,d]. 
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In pi , the inequality (|1.2p is established by the use of integral identity involving 
Peano kernels. In |5], Pachpatte obtained an inequality in the view (|1.2p by using 
elementary analysis. The interested reader is also refered to ([T], [5], [1]-[H]) for 
Ostrowski type inequalities in several independent variables. 

The main aim of this note is to establish a new weighted Ostrowski type inequal- 
ity for double integrals involving functions of two independent variables and their 
partial derivatives. 



2. Main Result 

Throughout this work, we assume that the weight function w : [a, b] — )■ [0, oo), is 
integrable, nonnegative and 



(2.1) 



•m{a,b) = / w{t)dt < cxd. 



Lemma 1. Let f : [a,b] x [c, d]— > R be an absolutely continuous fuction such that 
the partial derivative of order 2 exist for all {t, s) G [a, b] x [c, d]. Then, we have 



f{x,y) 



m{a, b) 



w{t)f{t,y)dt + 



m{c,d) 



w{s)f{x, s)ds 



(2.2) 



1 



m{a, b)m{c, d) 



b d 



b d 



w{t)w{s)f{t,s)dsdt— / p{x,t)q{y,s 



d^f{t,s) 
' dtds 



dsdt 



where 



Pi{a,t) — / w{u)du, a <t < X 



pix,t) = < 



P2ib,t) = / w{u)du, X <t <b 

b 



and 



q{y,s) = < 



qi{c,s) = / w{u)du, c< s <y 



q2{d,s) = / w{u)du, y < s < d. 



OSTROWSKI-TYPE INEQUALITY 

Proof. By definitions oip{x,t) and q{y,s), we have 

b d XV 

p(x,t)q(y,s) dsdt^ / / Pi(a, t)qi(c, s)^ dsdt 



dtds 



dtds 



b V 



(2.3) +/ I Pi{a,t)q2{d,s)—^^^dsdt+ I I p2{b,t)qi{c,s) 



dtds 



dsdt 



b d 



P2{b,t)q2{d,s 



d\f{t,s) 



dsdt. 



dtds 
Integrating by parts, we can state: 

X V 

,d\f{t,s) 



/ / Pi(a,^)9i(c 



dtds 



dsdt 



(2.4) 



Pi{a,t) 



/ .d.fit,y) f dfit,s 

<ii{c,y) — tt: / w[s) — - — ds 



dt 



dt 



dt 



pi{a,x)qi{c,y)f{x,y) - qi{c,y) / w{t)f{t,y)dt 



X y 



Pi{a,x) / w{s)f{x,s)ds + / / ■w{s)'w{t)f{t,s)dsdt. 



(2.5) 



X d 



Pi{a,t)q2{d,s) 



dtds 



dsdt 



a y 



Pi{a,t) 



., x9/(i,y) f , df{t,s 
-q2{d,y) — 57 / w(s) — - — ds 



dt 



dt 



dt 



-piia,x)q2{d,y)f{x,y) + q2{d,y) / w{t)f{t,y)dt 



d X d 

-pi{a,x) / w{s)f{x,s)ds + / / 'w{s)w{t)f{t,s)dsdt. 
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b y 



j j P2{b,t)qi{c,s 



dtds 



dsdt 



(2.6) 



P2{b,t) 



<li[c,yj Tz / ^{s) — ds 



dt 



at 



dt 



-P2ib,x)qi{c,y)f{x,y) - qi{c,y) / w{t)f{t,y)dt 



b y 



+P2{b,x) / w{s)f{x,s)ds + / / w{s)w{t)f{t,s)dsdt. 



(2.7) 



b d 



P2{b,t)q2{d,s) 



d'f{t,s) 
dtds 



dsdt 



X y 
b 



Jp2{b,t) 



q2[d,y) — — / w{s) — - — ds 



dt 



dt 



dt 



^P2{b,x)q2{d,y)f{x,y)+q2{d,y) / w{t)f{t,y)dt 



b d 



+P2{b,x) / w{s)f{x,s)ds + / / w{s)w{t)f{t,s)dsdt. 



Adding (|2.4p - (|2.7p and rewriting, we easily deduce: 
(2.8) 

b d 

d'^f(t,s) 
P{x,t)q(y,s) ' — dsdt:^m{a,b)Tn{c,d)f{x,y)~m{c,d) / w{t)f{t,y)dt 



b d 



■m{a,b) / w{s)f{x,s)ds+ / / w{s)w{t)f{t,s)dsdt 



which this completes the proof. 
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Theorem 3. Let f : [a, b] x [c, d]—^ M be an absolutely continuous fuction such that 
the partial derivative of order 2 exist and is bounded, i.e., 

d'fit,s) d^f{t,s) 



dtds 



sup 

(x,y)£(a,b)y.(c,i 



dtds 



< oo 



OSTROWSKI-TYPE INEQUALITY 

for all (i, s) G [a, 6] x [c,d]. Then, we have 



fix,y) 



m{a, b) 



w{t)f{t,y)dt 



m{c,d) 



w{s)f{x, s)ds 



(2.9) 



1 



b d 



m{a,h)m(c, d) 



'w{s)w{t)f{t, s)dsdt 



< 



A{x)B{y) 
m{a, b)m(c, d) 



d^f{t,s) 



dtds 



where 



A(x) — (x — u)w{u)du + {u — x)'w{u)du 





/< 



and 



y d 

B{y) — I [y — u)w{u)du + {u ~ y)w{u)du. 

c y 



Proof. From Lemma [T] and using the properties of modulus, we observe that 



fix,y) 



m{a,b) 



w{t)f{t,y)dt 



m{c, d) 



w{s)f{x, s)ds 



b d 



m{a, h)m{c, d) 



w{s)w{t)f{t, s)dsdt 



b d 



(2.10) < 



m{a, b)m{c,d) 



\p{x,t)\ \q{y,s)\ 



d'f{t,s) 



dtds 



dsdt 



< 



1 



m{a, b)m{c, d) 



d^f{t,s) 



dtds 



b d 



\p{x,t)\ \q{y,s)\dsdt. 
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Now, using the change of order of integration we get 



(2.11) 



\p{x,t)\dt = \pi{a,t)\dt+ \p2{b,t)\dt 



a 



X 



X t b b 

< / / w{u)dudt + / / w{u)dudt 

a a X t 

XX b u 

w{u) / dtdu + / w{u) / dtdu 

U XX 

b 

[x — u)w{u)du + {u — x)w{u)du 



and similarly, 



\q{y,s)\ds 



(2.12) 



\qi{c,s)\ds+ / \q2id,s)\ds 
y 



V d 

< {y — u)w{u)du + {u — y)w{u)du. 

c y 



Thus, using p. lip and (|2.12|) in (|2.10p . we obtain the inequahty ([2J|) and the proof 
is completed. D 



Remark 1. If we choose w{u) = 1 in Theorem\^ then the inequality i2. 9\) reduces 
the inequality il.2\) which is proved by Barnett and Dragomir in [Ij . 

Corollary 1. Under the assumptions of Theorem\^ we have 



^,a+_6 c + d 



b d 

, ,, / w(t)f(t, '--^)dt H — - 

m{a,b) J ^'■'^' 2 ' m{c,d) 



w{s)f{—^,s)ds 



1 



b d 



m{a,b)m{c, d) 



w{s)w{t)f{t, s)dsdt 



< 



m{a, b)m{c,d) 



d'f{t,s) 



dtds 
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whe 



.,a + b. f ,a + b ^ , ., f, a + b. , ., 
A[—^)^ \ (— ^ u)w{u)du+ \ [u —)w(u)du 



ri/C + rf, f.c + d , , ., f, c + d 
B{—^)= / {— u)w{u)du+ / [u —)w{u)du. 



Remark 2. We choose w{u) ^ 1 in CoroUaryl^ we get 



r( (^ + f> c + d 



^//"•^)-+^//'^-)* 



1 



& d 



{b~a){d-c) 



f{t, s)dsdt 






< (6-a 


){d~c) 
L6 


d'fit^s) 
dtds 



Remark 3. We choose w{u) — u in Corollary[^ we get 



a+6 c+d 



b d 

2 f r, C + d. _, 2 f r,a + b ., 
tf(t,^—)dt+- / sf{^-,s)ds 



(b-a) 



{d-cf 



b d 



{b-af(d-cf 



tsf(t, s)dsdt 



< 



{a + b){c + d) 
16 



d'fit,s) 



dtds 



Lemma 2. Let f : [a,b] x [c, d]— > M be an absolutely continuous fuction such that 
the partial derivative of order 2 exist for all {t, s) £ [a, b] x [c, d]. Then, we have 



f{x,v) 



1 



TO(ai,a2) 
(2.13) 



w{t)f{t,y)dt 



m(/3i,/32) 



w{s)f{x, s)ds 



01 



1 



m{ai, a2)m{l3 ^, 132) 



w{t)w{s)f{t,s)dsdt- / P{x,t)Q{y,s) 



, d^fit,s) 
dtds 



dsdt 



whe 
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P(a;,i) = < 



Pi(ai,i) = / w{u)du, a\ <t<x 

t 

P2(«2,i) = / w{u)du, X < t < a2 

Oil 



and 



Qiy,s)^ < 



Qiij3i,s) = / w{u)du, fii<s<y 

s 

Q2(^2i s) = / w{u)du, y < s < /32. 

02 



for all {ai,l3^) G [a,b] x [c, d], i~\,2 with ai < 02, Pi < /Sj. 
Proof. By definitions of P{x, t) and Q(y, s), we have 



"2/32 2: y 

P{x,t)Q{y,s)^-^^dsdt^ J J Piiai,t)Qi{Pi,s)^^dsdt 

a; 02 a2 J/ 

+ / I Pi{ai,t)Q2{li2,s)^4^dsdt+ f f P^{a2,t)Qi(J3i,s)^S^dsdt 



ai y 

02 02 



P2{a2,t)Q2il32,s) 



dtds 



dtds 



dtds 



X /3, 



dsdt. 



By similar computation in Lemma [1] we get (|2.13p . 
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Theorem 4. Let f : [a, b] x [c, d]— ;• M be an absolutely continuous fuction such that 
the partial derivative of order 2 exist and is bounded, i.e., 



d^f{t,s) 



dtds 



sup 

(x,y)£(a,b)y.(c,i 



d^f{t,s) 



dtds 



< 00 
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for all (i, s) G [a, 6] x [c,d]. Then, we have 



f{x,y) 



1 



m(ai,a2) 



w{t)f{t,y)dt 



1 



m(^i,/32) 



w{s)f{x, s)ds 



Pi 



(2.14) 



1 



Q2 /32 



w{t)w{s)f{t, s)dsdt 



ai /3j 



< 



Ai(a;)Si(y) 



TO(Q;i,Q!2)m(^;^,/32 



9V(t,s) 



9t(9s 



where 



Ai{x) — {x — u)w{u)du + j {u — x)w{u)du 

ai 



Biijj) — I {y — u)w{u)du + {u — y)w{u)du 
/3i y 

for all {ai,l3j) e [a, 6] x [c, d], i — 1,2 with ai < a2, /3]^ < /Jj- 

Proof. From Lemnia[l] using the properties of modulus and by similar computation 
in Theorem [3l we get (|2.14p . The details are omitted. D 



Remark 4. We choose a\ —a, a2 ~ b, /3i = c, j32 ^ d in \2.H^ , then Theorem 
[^ reduces Theorem 

Corollary 2. Under the assumptions of TheoremYA we have 



r(0, + b c+d 



Q2 /^2 

—. 7 / uj{t)f{t, ^—)dt + / w{s)f{^—,s)ds 

m[ai,a2) J 2 to(/3i,/32)7 2 

ai /3i 



02 1^2 



m(ai,a2)TO(/3i,/32) 



w{t)w{s)f{t, s)dsdt 



ai 13^ 



whe 



< 



TO(ai,Q!2)m(^i,/32) 



dyit,s) 



dtds 






( — u)w{u)du - 



{u — )w{u)du 
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^ ,C + d. f ,C + d x/N, f , c + d 

^i(— 2" )= / (—2 u)w{u)du+ / (m —)w(u)du. 

01 !^ 



Remark 5. We choose w{u) = 1 in Corollary\^ we get 

1 f „. c + d, , 1 



,a + 6 c + d 



{a2-ai)J 2 (P2-P1) 






1 



(a2 -ai)(/32 -/3i) 



/(t, s)dsdt 



ai /9i 



< 



AsS; 



3^3 



d'fit,s) 



where 
and 



64(a2-ai)(;92-;3i) dtds 
A3 = {a + b- 2aif + (a + 6 - 2a2)^ 

B3 = (c + d - 2/3i)2 + (c + d - 2/33)^ 
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